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Abstract. This paper presents a study on the physical limita-
tions for radio frequency absorption in gold nanoparticle suspen-
sions. A canonical spherical geometry is considered consisting of
a spherical suspension of colloidal gold nanoparticles character-
ized as an arbitrary passive dielectric material which is immersed
in an arbitrary lossy medium. A relative heating coefficient and
a corresponding optimal near field excitation are defined taking
the skin effect of the surrounding medium into account. For
small particle suspensions the optimal excitation is an electric
dipole field for which explicit asymptotic expressions are read-
ily obtained. It is then proven that the optimal permittivity
function yielding a maximal absorption inside the spherical sus-
pension is a conjugate match with respect to the surrounding
lossy material. For a surrounding medium consisting of a weak
electrolyte solution the optimal conjugate match can then readily
be realized at a single frequency, e.g., by tuning the parameters
of a Drude model corresponding to the electrophoretic particle
acceleration mechanism. As such, the conjugate match can also
be regarded to yield an optimal plasmonic resonance. Finally, a
convex optimization approach is used to investigate the realiz-
ability of a passive material to approximate the desired conjugate
match over a finite bandwidth. The relation of the proposed ap-
proach to general Mie theory as well as to the approximation of
metamaterials are discussed. Numerical examples are included
to illustrate the ultimate potential of heating in a realistic sce-
nario in the microwave regime.
1. Introduction
A number of publications have proposed that biological
tissue can be heated quickly and selectively by the
use of gold nanoparticles (GNPs) that are subjected
to a strong time-harmonic electromagnetic field, e.g.,
at 13.56 MHz or in the microwave regime, where the
band is chosen due to regulations, see e.g., [1–6]. The
aim is to develop a method with the potential to treat
cancer. The GNPs can also be used as a contrast agent
for electrical impedance tomography, particularly when
combined with tumour targeting [7]. The fundamental
idea relies on the fact that ligands can be attached
to the GNPs to target cancer cells. The rapid rate
of growth of the cancer cells causes them to intake an
abnormal amount of nutrients and the GNPs can hence
be coated with folic acid to target the bio-markers or
antigens that are highly specific to the cancer cells,
see e.g., [8]. The aim of the radio frequency (RF)
treatment is then to promote local cell death only in
the cancer, in addition to increasing the pore size to
improve delivery of large-molecule chemotherapeutic
and immunotherapeutic agents. The sensitivity of the
cancer cells to elevated temperatures enables the tumor
growth to be slowed or stopped by transient heating to
40-46 ◦C for periods of 30 minutes or more, whilst also
increasing the tumor sensitivity to chemotherapy and
radiotherapy [9].
The physical explanation to the RF-heating of
the GNPs is not fully understood and there are many
phenomenological hypotheses proposed to explain the
heating [1–5, 10]. Recently, it has also been questioned
whether metal nanoparticles can be heated in radio
frequency at all, and several authors have been unable
to find neither theoretical nor experimental results to
support the hypothesis, see e.g., [1, 11–14]. As e.g.,
in [14], Mie scattering theory in the Rayleigh limit of
small particles is used as an argument to support the
(negative) experimental conclusions made in [13].
In this paper, we investigate the physical
realizability of achieving a RF-heating in a colloidal
GNP suspension, similar as in [2]. However, instead
of evaluating a particular phenomenological model for
a GNP suspension in a particular lossy medium, we
study the optimal absorption that can be achieved by
a physically realizable passive material immersed inside
any lossy medium. Previously, optimal absorption has
been studied mainly for a lossless exterior domain,
such as in [15] giving geometry independent absorption
bounds for the plasmonic resonances in metals. In this
paper, we prove that the optimal permittivity function
yielding a maximal absorption inside a spherical
suspension is a conjugate match with respect to the
surrounding lossy material. Our formulation also
takes the skin effect inside the surrounding lossy
material into account and we show that it is the
skin effect that ultimately limits the usefulness of the
local heating. The analysis is based on a canonical
spherical geometry giving explicit quantitative answers
that can be used as an indication towards the physical
realizability of the heating. The analysis can also
be used as a framework to study and evaluate any
particular phenomenological parameter models such
as the electrophoretic particle movement which can
be described by the Drude model, etc., see e.g., [2,
10]. Numerical examples are included to demonstrate
the feasibility of achieving electrophoretic (plasmonic)
resonances in the microwave regime in a case when
the nanoparticle suspension is immersed in a weak
electrolyte solution imitating a typical biological tissue.
Here, the frequency band has been chosen around
2.6 GHz constituting a realistic example based on
recently proposed hyperthermia measurement devices
and nanoparticle setups, see e.g., [6]. It should also
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be noted that, in practice, the adequate frequency
range will be linked to the size and concentration of
the nanoparticles, where 5 nm is the maximum size
of the GNPs to allow the particles to pass out of the
kidney [7].
2. Optimal absorption in gold nanoparticle
suspensions
2.1. Notation and conventions
The following notation and conventions will be used
below. The Maxwell’s equations [16] for the electric
and magnetic fields E and H are considered based
on SI-units and with time convention e−iωt for time
harmonic fields. Let µ0, 0, η0 and c0 denote the
permeability, the permittivity, the wave impedance and
the speed of light in vacuum, respectively, and where
η0 =
√
µ0/0 and c0 = 1/
√
µ00. The wavenumber
of vacuum is given by k0 = ω
√
µ00, where ω =
2pif is the angular frequency and f the frequency.
The spherical coordinates are denoted by (r, θ, φ), the
corresponding unit vectors (rˆ, θˆ, φˆ), and the radius
vector r = rrˆ. The cartesian unit vectors are denoted
(xˆ, yˆ, zˆ). Finally, the real and imaginary part and the
complex conjugate of a complex number ζ are denoted
<{ζ}, ={ζ} and ζ∗, respectively.
2.2. Canonical problem setup
A simple canonical problem setup based on spherical
geometry is considered as depicted in Figure 1. Here,
r1 is the radius of the spherical suspension of gold
nanoparticles and r the radius of a reference surface
inside the surrounding medium where the skin effect
will be defined. The spherical suspension as well
as the surrounding medium are assumed to be non-
magnetic, homogeneous and isotropic media with
relative permittivity 1 and  and wavenumbers k1 =
k0
√
1 and k = k0
√
, respectively.
The following examples of approximative disper-
sion models will be considered here. The surrounding
medium is assumed to consist of a weak electrolyte so-
lution with relative permittivity
(ω) = ∞ +
s − ∞
1− iωτ + i
σ
ω0
, (1)
where ∞, s and τ are the high frequency permittivity,
the static permittivity and the dipole relaxation
time in the corresponding Debye model for water,
respectively, and σ the conductivity of the saline
solution. The suspension of gold nanoparticles is
furthermore assumed to consist of a homogeneous
solution of charged nanoparticles where the electric
current is governed by an electrophoretic particle
acceleration mechanism [1, 2]. Hence, the effective
r1
r
1

∼ 1.5 nm ∼ 5 nm
Figure 1. Canonical problem setup based on spherical
geometry. The figure also illustrates some typical dimensions
for gold nanoparticles coated with glutathione ligands [6, 7].
permittivity of the nanoparticle suspension is modeled
here as
1(ω) = (ω) + i
σ1
ω0
1
1− iωτ1 , (2)
where σ1 is the static conductivity and τ1 the
relaxation time in the corresponding Drude model. In
an approximate phenomenological description of the
electrophoretic mechanism these parameters can be
interpreted as σ1 = N q2/β and τ1 = m/β, where N is
the number of particles per unit volume, q the particle
charge, β the friction constant of the host medium and
m the particle mass, cf., [2].
2.3. Optimal near field and the skin effect
Consider an expansion of the electromagnetic field in
terms of vector spherical waves as outlined in Appendix
A.1. It is assumed that all sources are placed outside
the surface of radius r as depicted in Figure 1. It
is furthermore assumed that the scattering from the
nanoparticle suspension is weak and does not interact
with any of the possible material obstacles outside
the radius r. Hence, the incident and the scattered
fields for r > r1 can be represented by regular and
outgoing waves with multipole coeffcients aτml and
bτml, respectively, and the interior field for r < r1
by regular waves with multipole coeffcients a
(1)
τml. The
transition matrices give the scattering bτml = tτlaτml
and the absorption a
(1)
τml = rτlaτml, where tτl and rτl
are defined in (A.8) and (A.9) in Appendix A.2.
The mean local heating (in W/m3) generated
inside the nanoparticle suspension of radius r1 is given
by Poynting’s theorem as
Ploc(r1) =
3
4pir31
∫
Vr1
1
2
ω0={1} |E(r)|2 dv (3)
=
3ω0={1}
8pir31
∞∑
l=1
l∑
m=−l
2∑
τ=1
Wτl(k1, r1)
∣∣∣a(1)τml∣∣∣2
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=
3ω0={1}
8pir31
∞∑
l=1
l∑
m=−l
2∑
τ=1
Wτl(k1, r1) |rτl|2 |aτml|2 ,
where the orthogonality of the regular vector spherical
waves vτml(k1r) have been used, Vr1 denotes the
spherical volume of radius r1 and where Wτl(k1, r1) =∫
Vr1
|vτml(k1r)|2 dv, cf., (A.18) and (A.19). In (3),
the relation a
(1)
τml = rτlaτml has also been inserted. It
is shown in Appendix A.3 and Appendix A.4 that
W1l(k1, r1) =
r21={k1jl+1(k1r1)j∗l (k1r1)}
={k21}
, (4)
W2l(k1, r1) =
1
2l + 1
((l + 1)W1,l−1(k1, r1) (5)
+lW1,l+1(k1, r1)) ,
where jl(·) are the spherical Bessel functions of order
l, cf., (A.19), (A.20) and (A.21).
As a quantitative measure of the skin effect, the
mean background heating (in W/m3) at radius r in
the surrounding medium is defined by
Pb(r) =
1
4pir2
∫
Sr
1
2
ω0={} |E(r)|2 dS (6)
=
1
8pi
ω0={}
∫
Ω0
|E(r)|2 dΩ, (7)
where Sr denotes the spherical boundary of radius
r, Ω0 the unit sphere and dS = r
2dΩ with dΩ the
differential solid angle. By exploiting the orthogonality
of the vector spherical waves (A.16), the mean
background loss can now be expressed as
Pb(r) =
1
8pi
ω0={}
∞∑
l=1
l∑
m=−l
2∑
τ=1
Sτl(k, r) |aτml|2 , (8)
where Sτl(k, r) =
∫
Ω0
|vτml(kr)|2dΩ, see also (A.17).
The optimal near field is now defined by the
maximization of the relative heating coefficient F =
Ploc(r1)/Pb(r) at some radius r. This power ratio is a
generalized Rayleigh quotient and hence the problem
is equivalent to finding the maximum eigenvalue in
the corresponding (diagonal) generalized eigenvalue
problem as follows
max
|aτml|2
Ploc(r1)
Pb(r)
=
3
r31
={1}
={} maxτ,l
Wτl(k1, r1) |rτl|2
Sτl(k, r)
. (9)
With the relatively low frequencies and small geomet-
rical dimensions of interest in this paper, the optimal
near field excitation is generally obtained with an elec-
tric dipole field (τ = 2 and l = 1 in (9)) yielding the
relative heating coefficient
F (1) =
3
r31
={1}
={}
W21(k1, r1) |r21|2
S21(k, r)
, (10)
where F (1) is considered to be a function of the
complex-valued permittivity 1 (or frequency ω) when
all other parameters are fixed.
2.4. Asymptotic analysis
Based on the asymptotic expansions of the spherical
Bessel and Hankel functions for small arguments [17]
j0(x) ∼ 1, j1(x) ∼ 13x, j′1(x) ∼ 13 , j2(x) ∼ 115x2,
j3(x) ∼ 1105x3, h(1)1 (x) ∼ − ix2 and h(1)′1 (x) ∼ 2ix3 , it
is found that
W21 ∼ 2
9
r31, (11)
r21 ∼ 3
1 + 2
, (12)
in the asymptotic limit of small r1. Hence, for small
r1 the asymptotic relative heating coefficient can be
expressed as
F a(1) =
F anum(1)
S21(k, r)
, (13)
where the numerator is given by
F anum(1) = 6
||2
={}
={1}
|1 − ∗1o|2
, (14)
and where the quantity 1o is defined by 
∗
1o = −2.
Note that F a(1) is independent of the radius r1.
2.5. Optimal absorption and the conjugate match
Although it is not easy to prove in general that F (1)
defined in (10) is a convex function of 1 for =1 > 0,
it is straightforward to show that 1o = −2∗ is a
local maximum of F anum(1) defined in (14). Hence, let
F0(1, 
∗
1) =
=1
|1−∗1o|2 and consider the following Taylor
expansion in a neighbourhood of 1o
F0(1, 
∗
1) = −i
1 − ∗1
2
1
1 − ∗1o
1
∗1 − 1o
(15)
= F0(1o, 
∗
1o) +
∂F0
∂1
(1 − 1o) + ∂F0
∂∗1
(∗1 − ∗1o)
+
1
2
∂2F0
∂21
(1 − 1o)2 + 1
2
∂2F0
∂∗21
(∗1 − ∗1o)2
+
∂2F0
∂1∂∗1
(1 − 1o)(∗1 − ∗1o) + · · · ,
where the complex derivatives ∂∂1 and
∂
∂∗1
are defined
as in [18]. It is straightforward to show that
∂F0
∂1
=
∂F0
∂∗1
=
∂2F0
∂21
=
∂2F0
∂∗21
= 0 (16)
at 1 = 1o and
∂2F0
∂1∂∗1
= − ={1o}|1 − ∗1o|4
, (17)
which is negative definite when ={1o} > 0. It is noted
that the passivity of the external material with ={} >
0 guarantees that 1o = −2∗ has a positive imaginary
part. Hence, the conjugate match‡ 1o = −2∗ yields
‡ Note that the factor 2 in 1o = −2∗ is a form factor associated
with the spherical geometry, see for instance [19, p. 145].
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a maximum of the relative heating function F a(1) in
(13) and an optimal absorption inside the suspension
domain with radius r1.
2.6. Relation to general Mie theory
The expression for the absorption cross section Cabs
of a small homogeneous dielectric sphere in a lossy
medium is obtained from general Mie theory as
Cabs = Cinc − Csca + Cext, (18)
where the scattering cross section Csca, the extinction
cross section Cext and the compensation term Cinc
(power absorbed from the incident plane wave in the
surrounding medium) are given by
Csca =
16pi
3
k0r
3
1={
√
}
∣∣∣∣ 1 − 1 + 2
∣∣∣∣2 , (19)
Cext = 6pik0r
3
1
[
4
9
<
{
1 − 
1 + 2
}
={√}
+
2
3
=
{
1 − 
1 + 2
}(
<{√} − (={
√
})2
<{√}
)]
, (20)
Cinc =
8pi
3
k0r
3
1={
√
}, (21)
see e.g., [2, 19–21]. By algebraic manipulation of (18)
through (21) (or by performing the derivation from first
principles), it can be shown that the absorption cross
section is given by
Cabs = 12pik0r
3
1
||2
<{√}
={1}
|1 + 2|2
, (22)
which has a striking resemblance to the heating
coefficent given by (14). Hence, the resulting
expression (22) immediately verifies that the conjugate
match 1o = −2∗ is also optimal with respect to
the absorption cross section associated with a small
dielectric sphere in a lossy medium in accordance with
the Mie theory.
2.7. Narrowband realizability of the conjugate match:
Tuning the Drude model
Now that we have shown that the conjugate match
1o = −2∗ yields the optimal absorption at any
given frequency ω, the next step is to consider the
realizability of an interior permittivity function 1(ω)
that can achieve this property. With a “normal”
surrounding medium having a permittivity function 
with <{} > 0, this requires a permittivity function for
the interior region with a negative real part <{1} < 0,
a material property that sometimes is associated with
a metamaterial and which may have severe limitations
on the bandwidth capabilities, cf., [22].
Given that the approximate electrophoretic parti-
cle acceleration mechanism described above is valid, it
is straightforward to “tune” the corresponding Drude
model in (2) to resonance at the desired frequency ωd
by solving the equation
1(ωd) = (ωd) + i
σ1
ωd0
1
1− iωdτ1 = 1o(ωd), (23)
yielding the following tuned parameters
τ1 =
1
ωd
<(ωd)−<1o(ωd)
=1o(ωd)−=(ωd) , (24)
σ1 = 0 (<(ωd)−<1o(ωd)) 1 + ω
2
dτ
2
1
τ1
. (25)
It should be noted that the inclusion of the term
(ω) in (2) and (23) above is “ad hoc”, and can be
replaced for any other model as long as the term
=1o(ωd)−=(ωd) > 0 in (24) above.
2.8. Broadband realizability of the conjugate match:
Optimal dispersion modeling
To study the optimal capabilities of a passive
material with permittivity 1(ω) to approximate the
desired conjugate match 1o(ω) = −2∗(ω) over a
given bandwidth, a convex optimization approach is
employed as follows, see also [23]. The permittivity
function of any passive material 1(ω) corresponds to
a symmetric Herglotz function h1(ω) = ω1(ω), where
ω ∈ C+ = {ω ∈ C|=ω > 0}, see e.g., [22, 24–28].
Symmetric Herglotz functions are analytic functions
with symmetry h1(ω) = −h∗1(−ω∗) mapping the upper
half-plane into itself and which allow for an integral
representation based on positive measures. On the
real line this integral representation becomes a Cauchy-
principal value integral (Hilbert transform) acting on
the regular part of the measure plus the contribution
from possible point masses. Here, the limiting Herglotz
function for ω ∈ R is represented by
h1(ω) = ω1∞ +
1
pi
−
∫ ∞
−∞
1
ξ − ω=h1r(ξ)dξ + x0
1
−ω
+i (=h1r(ω) + pix0δ(ω)) , (26)
where 1∞ is the high frequency permittivity, =h1r(ξ)
the regular part of the positive symmetric measure and
where a point mass with amplitude x0 ≥ 0 at ω = 0
has been included. Obviously, the point mass at ω = 0
will be very efficient in generating a negative real part
of h1(ω) at any particular desired frequency ωd.
Next, a finite optimization domain Ωr (support
of the regular measure) is defined with 0 /∈ Ωr and
where the positive symmetric measure is approximated
by using
=h1r(ω) =
N∑
n=1
xn [pn(ω) + pn(−ω)] , (27)
where pn(ω) are triangular basis functions defined
on Ωr and xn ≥ 0 the corresponding optimization
variables for n = 1, . . . , N . Further, a finite
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approximation domain Ω ⊂ Ωr is defined and the
corresponding real part <h1r(ω) on Ω is given by
<h1r(ω) =
N∑
n=1
xn [pˆn(ω)− pˆn(−ω)] , (28)
where pˆn(ω) =
1
pi
−
∫ ∞
−∞
1
ξ − ωpn(ξ)dξ is the (negative)
Hilbert transform of the triangular pulse function
pn(ω), cf., [29]. The discrete representation (26)
through (28) can now be used to formulate the
following convex optimization problem
minimize ‖h1(ω)− f(ω)‖Ω
subject to xn ≥ 0,
1∞ ≥ 1,
(29)
where the target function is f(ω) = ω1o(ω) and ‖·‖Ω a
suitable norm defined on Ω, see also [23]. Here, xn with
n = 0, 1, . . . , N and 1∞ are the positive optimization
variables. The optimization problem (29) can be
solved efficiently using the CVX Matlab software for
disciplined convex programming [30]. Typically, Ω
consists of a set of frequency points sampled around
the desired center frequency ωd. If ωd is large (such as
in the GHz range), it is usually necessary to employ
scaled dimensionless variables xn/ωd for n = 1, . . . , N
and x0/ω
2
d to maintain numerical stability.
3. Numerical examples
To illustrate the theory above the following numerical
example is considered. The surrounding medium is
assumed to consist of a weak electrolyte solution with
relative permittivity given by (1) and where ∞ = 5.27,
s = 80 and τ = 10
−11 s are the Debye parameters
for water and σ ∈ {0.1, 1, 10}S/m the conductivity
parameters of the saline solution. The radii of the
reference surface and the spherical suspension are r =
5 cm and r1 = 1µm, respectively. In all of the
numerical results below, the optimality of using electric
dipole excitation (τ = 2, l = 1) has been verified by
evaluating (9) with τ = 1, 2 and l = 1, 2, 3, . . ., etc.
In Figure 2 is shown a contour plot of the
relative heating coefficient F (1) given by the rigorous
expression (10). The surrounding medium is a saline
solution with conductivity σ = 1 S/m and the desired
center frequency is fd = 2.6 GHz. The plot clearly
illustrates the concavity of the target function F (1) in
the upper half-plane =1 > 0. Here, opt∗1 is obtained
from a numerical residue calculation in the lower half-
plane as opt∗1 = (
∮
1c
a−1(1)1d1)/(
∮
1c
a−1(1)d1),
where a(1) is the analytic denominator (determinant)
associated with r21 defined in (A.9) and 1c an
arbitrary contour circumscribing the pole (zero)
location of r21 (a(1)). Further, 1o denotes the
conjugate match 1o = −2∗ which is the asymptotic
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approximation domain ⌦ ⇢ ⌦r is defined and the
corresponding real part <h1r(!) on ⌦ is given by
<h1r(!) =
NX
n=1
xn [pˆn(!)  pˆn( !)] , (28)
where pˆn(!) =
1
⇡
 
Z 1
 1
1
⇠   ! pn(⇠)d⇠ is the (negative)
Hilbert transform of the triangular pulse function
pn(!), cf., [28]. The discrete representation (26)
through (28) can now be used to formulate the
following convex optimization problem
minimize kh1(!)  f(!)k⌦
subject to xn   0,
✏11   1,
(29)
where the target function is f(!) = !✏1o(!) and
k · k⌦ is a suitable norm defined on ⌦, see also
[22]. Here, xn with n = 0, 1, . . . , N and ✏11 are
the positive optimization variables. The optimization
problem (29) can be solved e ciently using the CVX
Matlab software for disciplined convex programming
[29]. Typically, ⌦ consists of a set of frequency points
sampled around the desired center frequency !d. If
!d is large (such as in the GHz range), it is usually
necessary to employ scaled dimensionless variables
xn/!d for n = 1, . . . , N and x0/!
2
d to aintain
nu erical stability.
3. Numerical examples
To illustrate the theory above the following numerical
example is considered: The surrounding medium is
assumed to consist of a weak electrolyte solution with
relative permittivity given by (1) and where ✏1 = 5.27,
✏s = 80 and ⌧ = 10
 11 s are the Debye parameters
for water and   2 {0.1, , 10} S/m the conductivity
parameters of the saline solution. The dii of the
r fere ce surface and the spherical suspension are
r = 5 cm and r1 = 1µm, respectively. In all of the
numerical results below the optimality of using electric
dipole excitation (⌧ = 2, l = 1) has been verified by
evaluating (9) with ⌧ = 1, 2 and l = 1, 2, 3, . . ., etc.
In Figure 2 is shown a contour plot of the
relative heating coe cient F (✏1) given by the rigorous
expression (10). The surrounding medium is a saline
solution with conductivity   = 1S/m and the desired
center frequency is fd = 2.6GHz. The plot clearly
illustrates the concavity of the target function F (✏1) in
the upper half-plane =✏1 > 0. Here, ✏opt⇤1 is obtained
from a numerical residue calculation in the lower half-
plane as ✏opt⇤1 = (
H
✏1c
a 1(✏1)✏1d✏1)/(
H
✏1c
a 1(✏1)d✏1)
where a(✏1) is the analytic denominator (determinant)
associated with r21 defined in (A.6) and ✏1c an
arbitrary contour circumscribing the pole (zero)
location of r21 (a(✏1)). Further, ✏1o denotes the
 200  180  160  140  120
 50
0
50
<{✏1}
={
✏ 1
}
Relative heating F (✏1)
logF
✏opt1
✏1o
✏opt⇤1
✏1c
2
4
6
Figure 2. Contour plot of the relative heating F (✏1) as
a function of the complex permitivity ✏1 at frequency fd =
2.6GHz. The surrounding medium is a saline solution with
conductivity   = 1S/m.
conjugate match ✏1o =  2✏⇤ which is the asymptotic
solution that yields a maximal absorption for small r1.
In this numerical example ✏opt1 =  156.12 + i37.609
and ✏1o =  156.11 + i37.609 demonstrating the high
accuracy of the asymptotic solution.
3.1. Tuning the Drude model
In Figure 3 is shown the constituents of F a = F anum/S21
given by (13) and (14) plotted as functions of frequency
and where ✏1(!) is given by the Drude model (2) tuned
to resonance at fd = 2.6GHz by using (24) and (25).
Here,   = 0.1 S/m and the maximum relative heating is
F a = 1614 close to the center frequency at log fd = 9.4.
7 8 9 10
 20
 10
0
10
Frequency log f (Hz)
lo
g
F
a
Relative heating F anum/S21, F
a
num, S21
logF anum/S21
logF anum
logS21
fd = 2.6GHz
Figure 3. Relative heating F a = F anum/S21 and its constituents
F anum and S21 plotted as functions of frequency. Here, ✏1(!)
is given by the Drude model tuned to resonance at fd =
2.6GHz and the surrounding medium is a saline solution with
conductivity   = 0.1 S/m.
The oscillations seen at lower frequencies are
merely “resonances” associated with the reference
surface at r = 5 cm and are visible also in the function
S21. The increase in S21 at higher frequencies is a
manifestation of the skin e↵ect in the surrounding
Figure 2. Contour plot of the relative heating F (1) as
a function of the complex permitivity 1 at frequency fd =
2.6 GHz. The surrounding medium is a saline solution with
conductivity σ = 1 S/m.
solution that yi l s aximal absorption for small r1.
In this numeri ple opt1 = −156.12 + i37.609
and 1o = −156.1 . 09, demonstrating t e igh
accuracy of the asy totic solution.
3.1. Tuning the Drude model
In Figure 3 is shown the constituents of F a = F anum/S21
given by (13) and (14) plotted as functions of frequency
and where 1(ω) is given by the Drude model (2)
tuned to resonance at fd = 2.6 GHz by using (24) and
(25). Here, σ = 0.1 S/m and the m ximum relative
heating is F a = 1614 close to the center frequency at
fd = 2.6 GHz.
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approximation domain ⌦ ⇢ ⌦r is defined and the
corresponding real part <h1r(!) on ⌦ is given by
<h1r(!) =
NX
n=1
xn [pˆn(!)  pˆn( !)] , (28)
where pˆn(!) =
1
⇡
 
Z 1
 1
1
⇠   ! pn(⇠)d⇠ is the (negative)
Hilbert transform of the triangular pulse function
pn(!), cf., [28]. The discrete representation (26)
through (28) can now be used to formulate the
following convex optimization problem
minimize kh1(!)  f(!)k⌦
subject to xn   0,
✏11   1,
(29)
where the target function is f(!) = !✏1o(!) and
k · k⌦ is a suitable norm defined on ⌦, see also
[22]. Here, xn with n = 0, 1, . . . , N and ✏11 are
the positive optimization variables. The optimization
problem (29) can be solved e ciently using the CVX
Matlab oftware for disciplined convex programming
[29]. Typically, ⌦ co sists of a set of frequency points
sampled around the desired center frequency !d. If
!d is large (such as in the GHz range), it is usually
necessary to employ scaled dimensionless variables
xn/!d for n = 1, . . . , N and x0/!
2
d to maintain
numerical stability.
3. Numerical examples
To illustrate th theory above the following numerical
xample is considered: Th surrounding medium is
assumed to consist of a weak electrolyt solution with
relative permittivity given by (1) and where ✏1 = 5.27,
✏s = 80 and ⌧ = 10
 11 s are the Debye parameters
for water and   2 {0.1, 1, 10} S/m the conductivity
parameters of the saline solution. The radii of the
reference surface and the spherical suspension are
r = 5 cm and r1 = 1µm, respectively. In all of the
numerical results below the optimality of using electric
dipole excitation (⌧ = 2, l = 1) has been verified by
evaluating (9) with ⌧ = 1, 2 and l = 1, 2, 3, . . ., etc.
In Figure 2 is shown a c ntour plot of the
relative heating co  cient F (✏1) given by the rig rous
expression (10). The surrounding medium is a saline
solution wit conductivity   = 1S/m and the desired
center frequency is fd = 2.6GHz. The plot clearly
illustrates the concavity of the target function F (✏1) in
the upper half-plane =✏1 > 0. Here, ✏opt⇤1 is obtained
from a numerical residue calculation in the lower half-
plane as ✏opt⇤1 = (
H
✏ c
a 1(✏1)✏1d✏1)/(
H
✏1c
a 1(✏1)d✏1)
where a(✏1) is the analytic denominator (det rminant)
associated with r21 defined in (A.6) and ✏1c an
rbitrary contour circumscribing the pole (zero)
location of 21 (a(✏1)). Further, ✏1o d notes the
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Figure 2. Contour plot of the relative heating F (✏1) as
a function of the complex permitivity ✏1 at frequency fd =
2.6GHz. The surrounding medium is a saline solution with
conductivity   = 1S/m.
conjugate match ✏1o =  2✏⇤ which is the asymptotic
solution that yields a maximal absorption for small r1.
In this numerical example ✏opt1 =  156.12 + i37.609
and ✏1o =  156.11 + i37.609 demonstrating the high
accuracy of the asymptotic solution.
3.1. Tuning the Drude model
In Figure 3 is shown the constituen s of F a = F anum/S21
giv n by (13) and (14) plotted as functions of frequency
and where ✏1(!) is given by the Drude odel (2) tuned
to resonance at fd = 2.6GHz by using (24) and (25).
Here,   = 0.1 S/m and the maximum relative heating is
F a = 1614 close to the center frequency at log fd = 9.4.
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Figure 3. Relative heating F a = F anum/S21 and its constituents
F anum and S21 plotted as functions of frequency. Here, ✏1(!)
is given by the Drude model tuned to resonance at fd =
2.6GHz and the surr unding medium is a saline solution with
conductivity   = 0.1 S/m.
The oscillations seen t lower fr i are
merely “reso ances” associat d with the reference
surface at r = 5 cm and are visible also in the function
S21. The increase in S21 at higher frequencies is a
manifestation of the skin e↵ect in the surrounding
Figure 3. Relative heating F a = F anum/S21 and its constituents
F anum and S21 plotted as functions of frequency. Here, 1(ω)
is given by the Drude model tuned to resonance at fd =
2.6 GHz and the surrounding medium is a saline solution with
conductivity σ = 0.1 S/m.
The oscillations seen at lower frequencies are
merely “resonances” associated with the reference
surface at r = 5 cm and are visibl also in th function
S21. The i crease in S21 at higher frequencies is a
manifestation of the skin effect in the surrounding
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medium which will ultimately limit the potential of
relative heating.
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medium which will ultimately limit the potential of
relative heating.
7 8 9 10
 30
 20
 10
0
Frequency log f (Hz)
lo
g
F
a
Relative heating F a
logF a:   = 0.1 S/m
logF a:   = 1S/m
logF a:   = 10 S/m
fd = 2.6GHz
Figure 4. Relative heating F a as a function of frequency.
Here, ✏1(!) is given by the Drude model tuned to resonance at
fd = 2.6GHz and the surrounding medium is a saline solution
with conductivity   2 {0.1, 1, 10} S/m.
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Figure 5. Numerator logF anum as a function of frequency.
Here, ✏1(!) is given by the Drude model tuned to resonance at
fd = 2.6GHz and the surrounding medium is a saline solution
with conductivity   2 {0.1, 1, 10} S/m.
In Figures 4 and 5 are shown the corresponding op-
timal relative heating F a and numerator F anum for   2
{0.1, 1, 10} S/m. The corresponding optimally tuned
Drude parameters are ⌧1 2 {11.4, 7.6, 1.8} · 10 10 s and
 1 2 {632, 425, 110} S/m. The corresponding maxi-
mal relative heating at fd = 2.6GHz is obtained as
F a 2 {1614, 126, 10 6} illustrating in this example a
great potential of local heating when   2 {0.1, 1} S/m.
However, the result for   = 10S/m implies that the
surrounding medium is too lossy and the resulting skin
e↵ect will render the local heating useless.
The skin e↵ect is further illustrated in Figure 6
with ln
p
S21 plotted as a function of radius r at
fd = 2.6GHz and where   2 {0.1, 1, 10} S/m. The skin
depth can be interpreted here as the radial distance
through which the amplitude
p
S21 has decreased by
a factor of e 1. Hence, the skin depth in the example
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Figure 6. Illustration of the skin e↵ect with ln
p
S21 plotted
as a function of radius r at fd = 2.6GHz and where   2
{0.1, 1, 10} S/m.
case with   = 10S/m is seen to be less than 1 cm.
3.2. Optimal dispersion modeling
The convex optimization formulation (29) is employed
here to study the optimal capabilities of a passive
material with permittivity ✏1(!) to approximate
the desired conjugate match ✏1o(!) over a given
bandwidth. The norm is defined by kh1(!) f(!)k⌦ =
sup⌦ |(h1(!)  f(!))/!| = sup⌦ |✏1(!)  ✏1o(!)|. Here,
the target function is the conjugate match ✏1o(!) =
 2✏⇤(!) where ✏(!) is the permittivity function of
the surrounding medium given by (1) with Debye
parameters ✏1 = 5.27, ✏s = 80 and ⌧ = 10 11 s as
above and   = 1S/m. The optimization domain for
dispersion modeling (support of the regular measure)
is ⌦r = [2.4, 2.8]GHz with N = 300 triangular basis
functions and corresponding optimization variables xn
for n = 1, . . . , N . Further optimization variables
are the high frequency permittivity ✏11 and the
amplitude x0 of the point mass at ! = 0. The
finite approximation domain ⌦ (support of the norm)
is defined by the nodal points of the approximating
triangular basis functions sampled in the interval
[2.5, 2.7]GHz which is centered at the desired frequency
fd = 2.6GHz.
In Figure 7 is shown the target permittivity
✏1o(!), the tuned Drude model ✏1D(!) according to
section 3.1 above and the resulting optimum passive
(realizable) model ✏1P(!), plotted as functions of
frequency between 2 and 3.5GHz. The optimized
model ✏1P(!) consists of a high frequency permittivity
✏11 = 1, a point mass at ! = 0 with amplitude
x0 = 160.5!
2
d and a regular measure =h1r(!) yielding
an impulsive response just outside and close to the
approximation domain and finally a response that
closely matches the target permittivity ✏1o(!) inside
the approximation domain. Except for the support of
these responses, =h1r(!) is essentially zero elsewhere
Figure . i e heating F a as a function of frequency.
Here, 1(ω y the Drude model tuned to reso ance at
fd = 2.6 z t e surrounding medium is a saline solution
with conductivity σ ∈ {0.1, 1, 10}S/m.
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medium which will ultimately limit the potential of
relative heating.
7 8 9 10
 30
 20
 10
0
Frequency log f (Hz)
lo
g
F
a
Relative heating F a
logF a:   = 0.1 S/m
logF a:   = 1S/m
logF a:   = 10 S/m
fd = 2.6GHz
Figure 4. Relative heating F a as a function of frequency.
Here, ✏1(!) is given by the Drude model tuned to resonance at
fd = 2.6GHz and the surrounding medium is a saline solution
with conductivity   2 {0.1, 1, 10} S/m.
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Figure 5. Numerator logF anum as a function of frequency.
Here, ✏1(!) is given by the Drude model tuned to resonance at
fd = 2.6GHz and the surrounding medium is a saline solution
with conductivity   2 {0.1, 1, 10} S/m.
In Figures 4 and 5 are shown the corresponding op-
ti al relative heating F a and numerator F anum for   2
{0.1, , . he cor esponding optimally tuned
Dru s are ⌧1 2 {1 .4, 7.6, 1.8} · 10 10 s and
 1 , 0} S/m. The corresponding maxi-
al r l ti g at fd = 2.6GHz is obtained as
F a , , 0 6} illustrating in this example a
great potential of local heating when   2 {0.1, 1} S/m.
However, the result for   = 10S/m implies that the
surrounding medium is too lossy and the resulting skin
e↵ect will render the local heating useless.
The skin e↵ect is further illustrated in Figure 6
with ln
p
S21 plotted as a function of radius r at
fd = 2.6GHz and where   2 {0.1, 1, 10} S/m. The skin
depth can be interpreted here as the radial distance
through which the amplitude
p
S21 has decreased by
a factor of e 1. Hence, the skin depth in the example
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Figure 6. Illustration of the skin e↵ect with ln
p
S21 plotted
as a function of radius r at fd = 2.6GHz and where   2
{0.1, 1, 10} S/m.
case with   = 10S/m is seen to be less than 1 cm.
3.2. Optimal dispersion modeling
The convex optimization for ulation (29) is employed
here o study e optimal capabilities of a passive
material with permittivity ✏1(!) t approxim te
the desired conjugate match ✏1o(!) over a given
bandwidt . The norm is defined by kh f(!)k⌦ =
sup⌦ |(h1(!)  f(!))/!| = sup⌦ |✏1(!)  ✏1o(!)|. Here,
the target function is the conjugate match ✏1o(!) =
 2✏⇤(!) where ✏(!) is the permittivity function of
the surrounding medium given by (1) with Debye
parameters ✏1 = 5.27, ✏s = 80 and ⌧ = 10 11 s as
above and   = 1S/m. The optimization domain for
dispersion modeling (support of the regular measure)
is ⌦r = [2.4, 2.8]GHz with N = 300 triangular basis
functions and corresponding optimization variables xn
for n = 1, . . . , N . Further optimization variables
are the high frequency permittivity ✏11 and the
amplitude x0 of the point mass at ! = 0. The
finite approximation domain ⌦ (support of the norm)
is defined by the nodal points of the approximating
triangular basis functions sampled in the interval
[2.5, 2.7]GHz whic is centered at the desired f quency
fd = 2.6GHz.
In Figure 7 is shown the target p rmittivity
✏1o(!), the tuned Drude model ✏1D(!) according to
section 3.1 above and the resulting optimum passive
(realizable) model ✏1P(!), plotted as functions of
frequency between 2 and 3.5GHz. The optimized
model ✏1P(!) consists of a high frequency permittivity
✏11 = 1, a point mass at ! = 0 with amplitude
x0 = 160.5!
2
d and a regular measure =h1r(!) yielding
an impulsive response just outside and close to the
approximation domain and finally a response that
closely matches the target permittivity ✏1o(!) inside
the approximation domain. Except for the support of
these responses, =h1r(!) is essentially zero elsewhere
Figure 5. Numerator logF anum as a functi n of frequency.
Here, 1(ω) is given by the Drude odel tuned to re nance t
fd = 2.6 GHz and the surrounding medium is a saline solution
with conductivity σ ∈ {0.1, 1, 10}S/m.
In Figur s 4 a d 5 are shown the corresp nding op-
timal relative heating F a and umerator F anum for σ ∈
{0.1, 1, 10} S/m. The corresponding optimally tune
Drude parameters are τ1 ∈ {11.4, 7.6, 1.8} · 10−10 s and
σ1 ∈ {632, 425, 110} S/m. The corresponding maxi-
mal relative heating at fd = 2.6 GHz is obtained as
F a ∈ {1614, 126, 10−6} illustrating in this example a
great potential of local heating when σ ∈ {0.1, 1} S/m.
However, the result for σ = 10 S/m implies that the
surrounding m dium is too lossy and the resulting skin
effect will render the local heating useless.
The skin effect is further illustrated in Figure 6
with ln
√
S21 plotted as a func ion of ra ius r at
fd = 2.6 GHz and where σ ∈ {0.1, 1, 10} S/m. The skin
depth can be interpreted here as t e radial distance
through which the amplitude
√
S21 has decreased by
a factor of e−1. Hence, the skin depth in the example
case with σ = 10 S/m is seen to be less than 1 cm.
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Figure 4. Relative heating F a as a function of frequency.
Here, ✏1(!) is given by the Drude model tuned to reson nce at
fd = 2.6GHz and the surrounding medium is a saline solution
with conductivity   2 {0.1, 1, 10} S/m.
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Figure 5. Numerator logF anum as a function of frequency.
Here, ✏1(!) is given by the Drude model tuned to resonance at
fd = 2.6GHz and the surrounding medium is a saline solution
with conductivity   2 {0.1, 1, 10} S/m.
In Figures 4 and 5 are shown the corresponding p-
t mal relative heating F a an numerator F anum for   2
{0.1, 1, 10} S/m. The corresponding optimally tuned
Drude parameters are ⌧1 2 {11.4, 7.6, 1.8} · 10 10 s and
 1 2 {632, 425, 110} S/m. The corresponding maxi-
mal relative heating at fd = 2.6GHz is obtained as
F a 2 {1614, 126, 10 6} illustrating in this example a
great pot ntial of l cal heating when   2 {0.1, 1} S/m.
Howeve , the result for   = 10S/ implies that the
surrounding edium is t o lo sy and the resulting skin
e↵ec will render the local heating usel ss.
The skin e↵ect is further illustrated in Figure 6
with ln
p
S21 plotted as a function of radius r at
fd = 2.6GHz and where   2 {0.1, 1, 10} S/ . The skin
depth can be interpreted here as the radial distance
through which the amplitude
p
S21 has decreased by
a factor of e 1. Hence, the skin depth in the example
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Figure 6. Illustration of the skin e↵ect with ln
p
S21 plotted
as a function of radius r at fd = 2.6GHz and where   2
{0.1, 1, 10} S/m.
case with   = 10S/m is seen to be less than 1 cm.
3.2. Optimal dispersion modeling
The convex optimization formulation (29) is employed
here to study the optimal capabilities of a passive
aterial with permittivity ✏1(!) to approximate
the desired conjugate match ✏1o(!) over a given
bandwidth. The norm is defined by kh1(!) f(!)k⌦ =
sup⌦ |(h1(!)  f(!))/!| = sup⌦ |✏1(!)  ✏1o(!)|. Here,
the target function is the conjugate match ✏1o(!) =
 2✏⇤(!), where ✏(!) is the permittivity function of
the surrounding medium given by (1) with Debye
parameters ✏1 = 5.27, ✏s = 80 and ⌧ = 0 11 s as
above and   = 1S/m. Th optimization domain for
dispersion modeling (suppor of the regular measure)
is ⌦r = [2.4, 2.8]GHz with N = 300 triangular basis
functions and corresponding optimization vari bles xn
for n = 1, . . , N . Further optimizatio variables
are the high frequency permittivity ✏11 and the
amplitude x0 of the point mass at ! = 0. The
finite approximation domain ⌦ (support of the norm)
is defined by the nodal points of the approximating
triangular basis functions sampled in the interval
[2.5, 2.7]GHz, which is centered at the desired
frequency fd = 2.6GHz.
In Figure 7 is shown the target permittivity
✏1o(!), the tuned Drude model ✏1D(!) according to
section 3.1 above and the resulting optimum passive
(realizable) model ✏1P(!), plotted as functions of
frequency between 2 and 3.5GHz. The optimized
model ✏1P(!) consists of a high frequency permittivity
✏11 = 1, a point mass at ! = 0 with amplitude
x0 = 160.5!
2
d an a r gular measure =h1r(!) yielding
an i pulsive response just out ide and close to the
approximation domain and finally a response that
closely matches the target p rmittivity ✏1o(!) inside
the approxi ation domain. Except for the support of
these responses, =h1r(!) is essentially zero elsewhere
Figure 6. Illustration of the skin effect with ln
√
S21 plotted
as a function of radius r at fd = 2.6 GHz and where σ ∈
{0.1, 1, 10} S/m.
3.2. Optimal dispersion modeling
T e convex optimization formul tion (29) is employed
here to study the optimal capabilities of a passive
material with per ttivity 1(ω) to approximate
the desired con te match 1o(ω) over a given
bandwidth. The r is defined by ‖h1(ω)−f(ω)‖Ω =
supΩ |(h1(ω)− f(ω))/ω| = supΩ |1(ω)− 1o(ω)|. Here,
the target function is the conjugate match 1o(ω) =
−2∗(ω), where (ω) is the permittivity function of
t e surroundi g medium iv n by (1) with Debye
par mete s ∞ = 5.27, s = 80 nd τ = 10−11 s as
above and σ = 1 S/m. The optimization domain for
dispersion modeling (support of the regular measure)
is Ωr = [2.4, 2.8] GHz with N = 300 triangular basis
functions and co responding optimization variables xn
for n = 1, . . . , N . Fur her op imization variables
are the high frequency permittivity 1∞ and the
amplitude x0 of the point mass at ω = 0. The
finite approximation domain Ω (support of the norm)
is defin d by the nodal points of the approximating
triangular basis functions sampled in the interval
[2.5, 2.7] GHz, which is centered at the desired
frequency fd = 2.6 GHz.
In Figure 7 is shown the target permittivity
1o(ω), the tuned Drude mod l 1D(ω) according to
section 3.1 above and the resulting opti um passive
(realizable) model 1P(ω), plotted as functions of
frequency between 2 and 3.5 GHz. The optimized
model 1P(ω) consists of a high frequency permittivity
1∞ = 1, a poi t mass at ω = 0 with amplitude
x0 = 160.5ω
2
d and a egular measure =h1r(ω) yielding
an impul ive response just outside and close to the
approximation domain and finally a response that
closely matches the target permittivity 1o(ω) inside
the approximation domain. Except for the support of
these responses, =h1r(ω) is essentially zero elsewhere
and the solution is hence independent of an increase of
the optimization domain Ωr.
In Figure 7 it is further noted that 1o(ω) is
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Figure 7. Permittivity functions corresponding to the target
conjugate match ✏1o, the tuned Drude model ✏1D and the
optimized passive model ✏1P. The surrounding medium is
a saline solution with conductivity   = 1S/m and the
approximation domain is ⌦ = [2.5, 2.7]GHz.
and the solution is hence independent of an increase of
the optimization domain ⌦r.
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Figure 8. Relative heating F a corresponding to the target
conjugate match ✏1o, the tuned Drude model ✏1D and the
optimized passive model ✏1P. The surrounding medium is
a saline solution with conductivity   = 1S/m and the
approximation domain is ⌦ = [2.5, 2.7]GHz.
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Figure 9. Approximation error E = k✏1P   ✏1ok1 as a
function of the number of approximating basis functions N .
The surrounding medium is a saline solution with conductivity
  = 1S/m and the approximation domain is ⌦ = [2.5, 2.7]GHz.
The target permittivity is the desired conjugate match ✏1o(!) =
 2✏⇤(!) for ! 2 ⌦.
In Figure 7 it is further noted that ✏1o(!) is
almost constant over the bandwidth of interest, and
it was found that the optimized result ✏1P(!) does
not change notably if the target function is chosen
according to the constant value  156.1 + i37.61 ⇡
✏1o(!) for ! 2 ⌦. In Figure 8 is plotted the
corresponding relative heating F a according to the
target conjugate match ✏1o(!), the tuned Drude model
✏1D(!) and the optimized model ✏1P(!), respectively,
plotted as functions of frequency between 2.4 and
2.8GHz. Note that the optimal heating capability
increases at lower frequencies and that the Drude
model is tuned here to the desired center frequency
fd = 2.6GHz. It is seen that the optimized passive
model ✏1P(!) closely matches the heating obtained
from the target conjugate match ✏1o(!) when evaluated
inside the approximation domain between 2.5 and
2.7GHz. However, there is in fact a remaining
approximation error between ✏1P(!) and ✏1o(!), even
though it is so small that it is not visible in Figures 7
and 8. Hence, in Figure 9 is shown the approximation
error E = sup⌦ |✏1P(!)  ✏1o(!)| plotted as a function
of the number of basis functions used N . It is seen
that the remaining error converges to a small non-zero
value for large N .
3.3. A comment on metamaterials
A material with a negative real permittivity over
a specified bandwidth is sometimes regarded a
metamaterial. In [21] is shown that a metamaterial
with a constant real valued and negative target
permittivity ✏t < 0 over a finite frequency band ⌦
can only be approximated by a passive permittivity
function ✏P(!) within the following lower bound
sup
!2⌦
|✏P(!)  ✏t|  
(✏1   ✏t) 12B
1 + B2
= EB , (30)
where ✏1 is the prescribed high frequency permittivity
of ✏P(!) and ⌦ = !d[1  B2 , 1 + B2 ] the approximation
domain where !d is the center frequency and B the
relative bandwidth with 0 < B < 2. This physical
bound has been derived solely based on the assumption
of linearity, time-translational invariance and passivity
by employing the theory for Herglotz functions (or
equivalently the so called Positive Real functions) and
its associated sum rules [21]. It should be noted that
the bound (30) is an ultimate physical bound that
must be satisfied by any passive material, but it is not
necessarily achievable (tight). To this end, the convex
optimization approach (29) provides a complementary
technique to study the realizability of such physical
bounds, cf., [22].
To illustrate the bandwidth limitation associated
with such metamaterials, it is shown in Figure 10
the corresponding optimization results when the target
permittivity ✏1o(!) has been replaced for the constant
Figure 7. er ittivity functions corresponding to the target
conjugate match 1o, the tuned Drude model 1D and the
optimized passive model 1P. The surrounding medium is
a saline solution with conductivity σ = 1 S/m and the
approximation domain is Ω = [2.5, 2.7] GHz.
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Figure 7. Permittivity functions corresponding to the target
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Figure 9. Approximation error E = k✏1P   ✏1ok1 as a
function of the number of approximating basis functions N .
The surrounding medium is a saline solution with conductivity
  = 1S/m and the approximation domain is ⌦ = [2.5, 2.7]GHz.
The arget permittivity is the desired conjugate match ✏1o(!) =
 2✏⇤(!) for ! 2 ⌦.
In Figure 7 it is further noted that ✏1o(!) is
almost constant over the bandwidth of interest, and
it was fou d that the optimized result ✏1P(!) does
not change notably if the target function is chosen
according to the constant value  156.1 + i37.61 ⇡
✏1o(!) for ! 2 ⌦. In Figure 8 is plotted the
corresponding relative heating F a according to the
target conjugate match ✏1o(!), the tuned Drude model
✏1D(!) and the optimized model ✏1P(!), respectively,
plotted as functions of frequency between 2.4 and
2.8GHz. Note that the optimal heating capability
increases at lower frequencies and that the Drude
model is tuned here to the desired center frequency
fd = 2.6GHz. It is seen that the optimized passive
model ✏1P(!) closely matches the heating obtained
from the target conjugate match ✏1o(!) when evaluated
inside the approximation domain between 2.5 and
2.7GHz. However, there is in fact a remaining
approximation error between ✏1P(!) and ✏1o(!), even
though it is so small that it is not visible in Figures 7
and 8. Hence, in Figure 9 is shown the approximation
error E = sup⌦ |✏1P(!)  ✏1o(!)| plotted as a function
of the number of basis functions used N . It is seen
that the remaining error converges to a small non-zero
value for large N .
3.3. A comment on metamaterials
A material with a negative real permittivity over
a specified bandwidth is sometimes regarded a
metamaterial. In [21] is shown that a metamaterial
with a constant real valued and negative target
permittivity ✏t < 0 over a finite frequency band ⌦
can only be approximated by a passive permittivity
function ✏P(!) within the following lower bound
sup
!2⌦
|✏P(!)  ✏t|  
(✏1   ✏t) 12B
1 + B2
= EB , (30)
where ✏1 is the prescribed high frequency permittivity
of ✏P(!) and ⌦ = !d[1  B2 , 1 + B2 ] the approximation
domain where !d is the center frequency and B the
relative bandwidth with 0 < B < 2. This physical
bound has been derived solely based on the assumption
of linearity, time-translational invariance and passivity
by employing the theory for Herglotz functions (or
equivalently the so called Positive Real functions) and
its associated sum rules [21]. It should be noted that
the bound (30) is an ultimate physical bound that
must be satisfied by any passive material, but it is not
necessarily achievable (tight). To this end, the convex
optimization approach (29) provides a complementary
technique to study the realizability of such physical
bounds, cf., [22].
To illustrate the bandwidth limitation associated
with such metamaterials, it is shown in Figure 10
the corresponding optimization results when the target
permittivity ✏1o(!) has been replaced for the constant
Fig elative heating F a correspo ding o the target
conj t tch 1o, the tu ed Drude model 1D and the
opti ized passive model 1P. The surrounding medium is
a saline solution with conductivity σ = 1 S/m and the
approximation domain is Ω = [2.5, 2.7] GHz.
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Figure 9. Approximation error E = k✏1P   ✏1ok1 as a
function of the number of a proximating basis functions N .
The surrounding medium is a saline solution with conductivity
  = 1S/m and the a proximation domain is ⌦ = [2.5, 2.7]GHz.
The target permittivity is the desired conjugate match ✏1o(!) =
 2✏⇤(!) for ! 2 ⌦.
In Figure 7 it is further noted that ✏1o(!) is
almost constant over the bandwidth of interest, and
t was found that the opt mized result ✏1P(!) does
not change notably if the target function is chosen
a cording to the constant value  156.1 + i37.61 ⇡
✏1o(!) for ! 2 ⌦. In Figure 8 is plo ted the
co responding relative heating F a a cording to the
target conjugate match ✏1o(!), the tuned Drude model
✏1D(!) and the optimized model ✏1P(!), respectively,
plo ted as functions of frequency betw en 2.4 and
2.8GHz. Note that the optimal heating capability
increases at lower frequencies and that the Drude
model is tuned here to the desired center frequency
fd = 2.6GHz. It is s en that the optimized pa sive
model ✏1P(!) closely matches the heating obtained
from the target conjugate match ✏1o(!) when evaluated
inside the a proximation domain betw en 2.5 and
2.7GHz. However, there is in fact a remaining
a proximation e ror betw en ✏1P(!) and ✏1o(!), even
though it is so small that it is not visible in Figures 7
and 8. Hence, in Figure 9 is shown the a proximation
e ror E = sup⌦ |✏1P(!)  ✏1o(!)| plo ted as a function
of the number of basis functions used N . It is s en
that the remaining e ror converges to a small non-zero
value for large N .
3.3. A comment on metamaterials
A material with a negative real permi tivity over
a specified bandwidth is sometimes regarded a
metamaterial. In [21] is shown that a metamaterial
with a constant real valued and negative target
permi tivity ✏t < 0 over a finite frequency band ⌦
can only be a proximated by a pa sive permi tivity
function ✏P(!) within the following lower bound
sup
!2⌦
|✏P(!)  ✏t|  
(✏1   ✏t) 12B
1 + B2
= EB , (30)
where ✏1 is the prescribed high frequency permi tivity
of ✏P(!) and ⌦ = !d[1  B2 , 1 + B2 ] the a proximation
domain where !d is the center frequency and B the
relative bandwidth with 0 < < 2. This physical
bound has b en derived solely based on the a sumption
of linearity, time-translational invariance and pa sivity
by employing the theory for Herglotz functions (or
equivalently the so called Positive Real functions) and
its a sociated sum rules [21]. It should be noted that
the bound (30) is an ultimate physical bound that
must be satisfied by any pa sive material, but it is not
nece sarily achievable (tight). To this end, the convex
optimization a proach (29) provides a complementary
technique to study the realizability of such physical
bounds, cf., [ 2].
To illustrate the bandwidth limitation associated
with such metamaterials, it is shown in Figure 10
the corresponding optimization results when the target
permittivity ✏1o(!) has been replaced for the constant
Figure 9. Approximation error E = ‖1P − 1o‖∞ as a
function of the number of approximating basis functions N .
The surrounding medium is a saline solution with conductivity
σ = 1 S/m and the approximation domain is Ω = [2.5, 2.7] GHz.
The target permittiv ty is the desired conjugate match 1o(ω) =
−2∗(ω) for ω ∈ Ω.
almost constant over the bandwidth of interest, and
it was found that the optimized result 1P(ω) does
not change notably if the target function is chosen
according to the constant value −156.1 + i37.61 ≈
1o(ω) for ω ∈ Ω. In Figure 8 is plotted the
corresponding relative heating F a according to the
target conjugate match 1o(ω), the tuned Drude model
1D(ω) and the optimized model 1P(ω), respectively,
plotted as functions of frequency between 2.4 and
2.8 GHz. Note that the optimal heating capability
increases at lower frequencies and that the Drude
model is tuned here to the desired c nter frequency
fd = 2.6 GHz. It is seen that t e o timize passive
model 1P(ω) closely matches th heating obtained
from the target conjugate match 1o(ω) when e aluated
inside the approximation domain betwee 2.5 and
2.7 GHz. However, there is in fact a remaining
approximation error between 1P(ω) and 1o(ω), even
though it is so small that it is not visible in Figures 7
and 8. Hence, in Figure 9 is sho n the approximation
error E = supΩ |1P(ω)− 1o(ω)| plotted as a function
f the numbe of basis functio s used N . It is seen
t at the re ining error c n erges to a small non-zero
value for large N .
3.3. A comment on metamaterials
When applying the conjugate match for a lossless
b ckground, the result is 1o = −2, which is a
negative real number. A material with a negative real
permittivity over a specified bandwidth is sometimes
regarded a metamaterial. In [22] is shown that a
etamaterial with a c nstant re l-valued and negative
target permittivity t < 0 over a finite frequ ncy band
Ω can only be approximated by a passive permittivity
function P(ω) within the following lower bound
sup
ω∈Ω
|P(ω)− t| ≥
(∞ − t) 12B
1 + B2
= EB , (30)
where ∞ is the pr s rib d high frequency permittivity
of P(ω) an Ω = ωd[1− B2 , 1 + B2 ] t e approximation
dom in, where ωd is the center frequency and B the
relative bandwidth with 0 < B < 2. This physical
bound has b en erived sol ly based on the assumption
of linearity, ime-translational invariance and passivity
by employing the theory for Herglo z functions (or
equivalently the so-called Positive Real functions) and
its associated sum rules [22]. It should be noted that
the bound (30) is an ultimate physical bound that
must be satisfied by any passive material, but it is not
ecessarily achievable (tight). To this end, the convex
optimization approach (29) provides c mplementary
techniqu o study the realizability of s ch physical
b unds, cf., [23].
To illustrate the bandwidth limitati ssociated
with such meta aterials, it is shown in Figure 10
the corresponding optimization results when the target
permittivity 1o(ω) has been replaced for the constant
real negative value t = −156.1 ≈ <{1o(ω)} for ω ∈ Ω.
In Figure 11 is shown the corresponding approximation
error E as a function of the number of basis functions
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Figure 10. Permittivity functions corresponding to the
conjugate match ✏1o, the tuned Drude model ✏1D and the
optimized passive model ✏1P. The surrounding medium is
a saline solution with conductivity   = 1S/m and the
approximation domain is ⌦ = [2.5, 2.7]GHz. The constant target
permittivity is ✏t =  156.1 ⇡ <{✏1o(!)} for ! 2 ⌦.
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Figure 11. Approximation error E = k✏1P   ✏tk1 as a
function of the number of approximating basis functions N .
The surrounding medium is a saline solution with conductivity
  = 1S/m and the approximation domain is ⌦ = [2.5, 2.7]GHz.
The constant target permittivity is ✏t =  156.1 ⇡ <{✏1o(!)} for
! 2 ⌦. Here, B = 0.0769 and EB = 5.8185.
the corresponding optimization results when the target
permittivity ✏1o(!) has been replaced for the constant
real negative value ✏t =  156.1 ⇡ <{✏1o(!)} for ! 2 ⌦.
In Figure 11 is shown the corresponding approximation
error E as a function of the number of basis functions
N in a comparison to the ultimate lower bound (30).
It is noted that the realizable error E is only slightly
larger than the ultimate physical bound EB in (30).
The following interesting features are observed
regarding the approximation of metamaterials in this
particular numerical example.
• The problem to approximate the conjugate match
✏1o over a finite frequency band ⌦ as in section
3.2 is essentially the same as to approximate
a metamaterial with a constant complex value
✏t =  156.1 + i37.61 ⇡ ✏1o(!) for ! 2 ⌦.
This is a situation in which the result (30)
cannot be straightforwardly extended but convex
optimization (29) can be used to study the
realizability and the bandwidth capabilities of
such a hypothetical passive material.
• Whereas the approximation of a metamaterial
with a constant real negative permittivity over
a finite bandwidth implies severe bandwidth
limitations, the presence of an additional constant
imaginary part in the target permittivity implies
that the bandwidth limitation is no longer severe,
and there exist a hypothetical passive (realizable)
permittivity function that can approximate the
metamaterial (the conjugate match) with a
very small approximation error over the whole
approximation domain ⌦, as illustrated in Figures
7 through 9.
4. Summary
A study on the physical limitations for radio frequency
absorption in gold nanoparticle (GNP) suspensions
has been presented in this paper. The analysis is
based on classical electromagnetic theory regarding
the energy absorption in small spherical particles
in a lossy medium (cf., general Mie theory) and
is extended here to take the skin e↵ect of the
surrounding medium into account. The main result
is the derivation of an optimal conjugate match
with respect to the surrounding medium giving a
physical limitation for the best possible absorption
inside the spherical suspension. As such, the
theoretical result defines an optimum plasmonic
resonance, which can furthermore be put into the
framework of approximating a metamaterial over a
given bandwidth. The heating is quantified by a
relative heating coe cient, and it is demonstrated
that for a surrounding medium consisting of a weak
electrolyte solution a significant RF-heating can be
achieved inside the GNP suspension, provided that
an electrophoretic mechanism described by the Drude
model can be tuned into resonance at the desired
frequency.
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Appendix A. Vector spherical waves
The definition of the vector spherical waves together
with some important results that are not readily
available in the literature are presented in this
appendix. In particular, we supply explicit formulas
for the transition matrices t⌧ l and r⌧ l defined in (A.8)
and (A.9) below, as well as the energies (as squared
integrals) of the spherical Bessel functions (A.15) and
the regular vector waves (A.20) and (A.21) in the case
with lossy materials. The squared integrals are based
Figure 10. er ittivity functions corresponding to the
conjugate match 1o, the tuned Drude model 1D and the
optimized passive model 1P. The surrounding medium is
a saline solution with conductivity σ = 1 S/m and the
approximation domain is Ω = [2.5, 2.7] GHz. The constant target
permittivity is t = −156.1 ≈ <{1o(ω)} for ω ∈ Ω.
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Figure 10. Permittivity functions corresponding to the
conjugate match ✏1o, the tuned Drude model ✏1D and the
optimized passive model ✏1P. The surrounding medium is
a saline solution with conductivity   = 1S/m and he
approx mation domain is ⌦ = [2.5, 2.7]GHz. The constant target
permittivity is ✏t =  156.1 ⇡ <{✏1o(!)} for ! 2 ⌦.
0 500 1,000 1,500
0
2
4
6
Number of variables N
k✏
1
P
 
✏ t
k 1
Approximation error E
E: CVX opt.
EB : sum rule
Figure 11. Approximation error E = k✏1P   ✏tk1 as a
function of the number of approximating basis functions N .
The surrounding medium is a saline solution with conductivity
  = 1S/m and the approximation domain is ⌦ = [2.5, 2.7]GHz.
The constant target permittivity is ✏t =  156.1 ⇡ <{✏1o(!)} for
! 2 ⌦. Here, B = 0.0769 and EB = 5.8185.
real negative value ✏t =  156.1 ⇡ <{✏1o(!)} for ! 2 ⌦.
In Figure 11 is shown the corresponding approximation
error E as a functio of the number of basis functions
N in a comparison to the ultimat lower bound (30).
It is noted that the realizab e error E is only slightly
larger than e ultimate physical bound EB in (30).
The following interesting features are observed
regarding the approximation of metamate ials in this
particular numerical example.
• The problem to approximate the conjugate match
✏1o over a finite frequency band ⌦ as in section
3.2 is essentially the same as to pproximate
a metamateri l wi a const nt com lex value
✏t =  156.1 + i37.61 ⇡ ✏1o(!) for ! 2 ⌦.
This is a situation in which the result (30)
cannot be straightforwardly extended but convex
optimization (29) can be used to study the
realizability and the bandwidth capabilities of
such a hypothetical passive material.
• Whereas the approximation of a metamaterial
with a constant real negative permittivity over
a finite bandwidth implies severe bandwidth
limitations, the presence of an additional constant
imaginary part in the target permittivity implies
that the bandwidth limitation is no longer severe,
and there exist a hypothetical passive (realizable)
permittivity function that can approximate the
metamaterial (the conjugate match) with a
very small approximation error over the whole
approximation domain ⌦, as illustrated in Figures
7 through 9.
4. Summary
A study on the physical limitations for radio frequency
absorption in gold nanoparticle (GNP) suspensions
has been presented in this paper. The analysis is
based on classical electromagnetic theory regarding
the energy absorption in small spherical particles
in a lossy medium (cf., general Mie theory) and
is extended here to take the skin e↵ect of the
surrounding medium into account. The main result
is the derivation of an optimal conjugate match
with respect to the surrounding medium giving a
physical limitation for the best possible absorption
inside the spherical suspension. As such, the
theoretical result defines an optimum plasmonic
resonance, which can furthermore be put into the
framework of approximating a metamaterial over a
given bandwidth. The heating is quantified by a
relative heating coe cient, nd it is demonstrated
that for a surrounding medium consisting of a weak
electrolyte solutio a significant RF-heating c n be
achieved inside he GNP suspension, provided that
an el ctrophoretic mechanism described by the Drude
model can be tuned into resonance at the desi e
frequ ncy.
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Appendix A. Vector spherical waves
The definition of the vector spherical waves together
with some imp rtant results t at re not readily
available in the literature are presented in this
appendix. I particula , we supply explicit formulas
for the transition matrices t⌧ l and r⌧ l defined in (A.5)
and (A.6) below, as well as the energies (as squared
integrals) of the spherical Bessel functions (A.12) and
the regular vector waves (A.17) and (A.18) in the case
with lossy materials. The squared integrals are based
on the first Lommel integral in the case when the
wavenumber k is complex valued.
Figure 11. Approxi ation error E = ‖1P − t‖∞ as a
function of the number of approximati g basis functions N .
The surrounding medium is a saline solution with conductivity
σ = 1 S/m and th approximation domain is Ω = [2.5, 2.7] GHz.
The constant target permittivity is t = −156.1 ≈ <{1o(ω)} for
ω ∈ Ω. Here, B = 0.0769 and EB = 5.8185.
N in a comparison to the ultimate lower bound (30).
It is noted that the realizable error E is only slightly
larger than the ultimate physical bound EB in (30).
The following interesting features are observed
regarding the approximation of metamaterials in this
particular numerical example.
• The problem to approximate the conjugate match
1o over a finite frequency band Ω s in section
3.2 is essentially the s me as to pproximate
a metamaterial with a constant complex value
t = −156.1 + i37.61 ≈ 1o(ω) for ω ∈ Ω.
This is a situation in which the result (30)
cannot be straightforwardly extended but convex
optimization (29) can be used to study the
realizability and the bandwidth capabilities of
suc a y othetical passive material.
• he e approximation of a met material
wit stant real negative permit ivity over
a finite bandwidth implies severe bandwidth
limitations, the presence of an additional constant
imaginary part in the target permittivity implies
that the bandwidth limitation is no longer severe,
a d there exi t a hypothetical passive (realizable)
permittivity function that can approximate the
metamaterial (the conjugate match) with a
very small approximation error over the whole
approximation dom in Ω, as i lustrat d in Figures
7 through 9.
4. Su mary
A study on the physical limitations for radio frequency
absorption in gold nanoparticle (GNP) suspensions
has been presented in this paper. The analysis is
based on classical electromagnetic theory regarding
the energy absorption in small spherical particles
in a lossy medium (cf., general Mie theory) and
is xtend d here to t k the skin effect of the
surrounding m dium into a count. The main result
is the derivati of an optimal conjugate match
with resp ct to the surrounding medium giving a
physical limitat on for the best possibl absorption
insi the spherical suspension. As such, the
theoretical result defines an optimum plasmonic
resonance, which can furthermore be put into the
framework of approximating a metamaterial over a
given bandwidth. The heating is quantified by a
relative heating coefficient, and it is demonstrated
that for a surrounding medium consisting of a weak
electrolyte solution a significant RF-heating can be
achiev d insi e th GNP suspe sion, provi ed that
an electrophoretic chanism d scribed by the Drude
m del can be tuned into resonance at the desired
frequency.
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Appendix A. Vector spherical waves
The definition of the vector spherical waves together
with s me important results that are not readily
available in the literature are presented in this
appendix. In particular, we supply explicit formulas
for the transition matrices tτl and rτl defined in (A.8)
and (A.9) below, as well as the energies (as squared
integrals) of the spherical Bessel functions (A.15) and
the regular vector waves (A.20) and (A.21) in the case
with lossy materials. The squared integrals are based
on the first Lommel integral in the case when the
wavenumber k is complex valued.
On the physical limitations for radio frequency absorption in gold nanoparticle suspensions 10
Appendix A.1. Definition of vector spherical waves
In a source-free region the electromagnetic field can be
expanded in vector spherical waves as
E(r) =
∑
l,m,τ
aτmlvτml(kr) + bτmluτml(kr), (A.1)
H(r) =
1
iη0η
∑
l,m,τ
aτmlvτ¯ml(kr) + bτmluτ¯ml(kr),
where vτml(kr) and uτml(kr) are the regular and the
outgoing vector spherical waves, respectively, and aτml
and bτml the corresponding multipole coefficients, see
e.g., [16, 31–33]. Here, l = 1, . . . ,∞, m = −l, . . . , l and
τ = 1, 2, where τ = 1 indicates a transverse electric
(TE) magnetic multipole and τ = 2 a transverse
magnetic (TM) electric multipole, and τ¯ denotes the
complement of τ , i.e., 1¯ = 2 and 2¯ = 1.
The solenoidal (source-free) regular vector spheri-
cal waves are defined here by
v1ml(kr) =
1√
l(l + 1)
∇× (rjl(kr)Yml(rˆ)) (A.2)
= jl(kr)A1ml(rˆ),
v2ml(kr) =
1
k
∇× v1ml(kr) (A.3)
=
(krjl(kr))
′
kr
A2ml(rˆ) +
√
l(l + 1)
jl(kr)
kr
A3ml(rˆ),
where Yml(rˆ) are the spherical harmonics, Aτml(rˆ)
the vector spherical harmonics and jl(x) the spherical
Bessel functions of order l, cf., [16, 17, 31–33]. Here,
(·)′ denotes a differentiation with respect to the
argument of the spherical Bessel function. The
outgoing (radiating) vector spherical waves uτml(kr)
are obtained by replacing the regular spherical Bessel
functions jl(x) above for the spherical Hankel functions
of the first kind, h
(1)
l (x), see [16, 17, 31].
The vector spherical harmonics Aυlm(rˆ) are given
by
A1ml(rˆ) =
1√
l(l + 1)
∇× (rYml(rˆ)) , (A.4)
A2ml(rˆ) = rˆ ×A1ml(rˆ), (A.5)
A3ml(rˆ) = rˆYml(rˆ), (A.6)
where υ = 1, 2, 3, and where the spherical harmonics
Yml(rˆ) are given by
Yml(rˆ) = (−1)m
√
2l + 1
4pi
√
(l −m)!
(l +m)!
Pml (cos θ)e
imφ,
and where Pml (x) are the associated Legendre functions
[16, 17, 32]. The vector spherical harmonics are
orthonormal on the unit sphere, and hence∫
Ω0
A∗υml(rˆ) ·Aυ′m′l′(rˆ)dΩ = δυυ′δmm′δll′ , (A.7)
where Ω0 denotes the unit sphere and dΩ = sin θdθdφ.
Appendix A.2. Transition matrices for a homogeneous
sphere
Consider the scattering of an electromagnetic field due
to a homogeneous sphere of radius r1, permittivity 1,
permeability µ1 and wavenumber k1 = k0
√
µ11. The
medium surrounding the sphere is characterized by the
permittivity , permeability µ and wave number k =
k0
√
µ. The incident and the scattered fields for r > r1
are expressed as in (A.1) with multipole coefficients
aτml and bτml, respectively, and the interior field
is similarly expressed using regular vector spherical
waves for r < r1 with multipole coefficients a
(1)
τml. By
matching the tangential electric and magnetic fields at
the boundary of radius r1, it can be shown that
bτml = tτlaτml, (A.8)
a
(1)
τml = rτlaτml, (A.9)
where tτl and rτl are transition matrices for scattering
and absorption given by
t1l =
jl(kr1)(k1r1jl(k1r1))
′µ− jl(k1r1)(kr1jl(kr1))′µ1
jl(k1r1)(kr1h
(1)
l (kr1))
′µ1 − h(1)l (kr1)(k1r1jl(k1r1))′µ
,
t2l =
jl(k1r1)(kr1jl(kr1))
′1 − jl(kr1)(k1r1jl(k1r1))′
h
(1)
l (kr1)(k1r1jl(k1r1))
′− jl(k1r1)(kr1h(1)l (kr1))′1
,
r1l =
jl(kr1)(kr1h
(1)
l (kr1))
′µ1 − h(1)l (kr1)(kr1jl(kr1))′µ1
jl(k1r1)(kr1h
(1)
l (kr1))
′µ1 − h(1)l (kr1)(k1r1jl(k1r1))′µ
,
r2l = −
(jl(kr1)(kr1h
(1)
l (kr1))
′ − h(1)l (kr1)(kr1jl(kr1))′)
√

√
1
√
µ1
(h
(1)
l (kr1)(k1r1jl(k1r1))
′− jl(k1r1)(kr1h(1)l (kr1))′1)
√
µ
.
Appendix A.3. First Lommel integral for spherical
Bessel functions with complex-valued argument
The first Lommel integral is given by∫
Cν(aρ)Dν(bρ)ρdρ (A.10)
=
ρ (aCν+1(aρ)Dν(bρ)− bCν(aρ)Dν+1(bρ))
a2 − b2 ,
where a and b are complex-valued constants and Cν(·)
and Dν(·) are arbitrary cylinder functions, i.e., the
Bessel function, the Neumann function, the Hankel
functions of the first and second kind Jν(·), Yν(·),
H
(1)
ν (·), H(2)ν (·), respectively, or any nontrivial linear
combination of these functions, see 10.22.4 and 10.22.5
in [17], and pp. 133–134 in [34].
Let a = κ and b = κ∗, where κ 6= κ∗, i.e., κ is not
real valued, and consider the case
Cν(κρ) = AJν(κρ) +BH
(1)
ν (κρ), (A.11)
where A and B are complex-valued constants. Let
Dν(κ
∗ρ) = C∗ν(κρ) = A
∗Jν(κ∗ρ) +B∗H(2)ν (κ
∗ρ),(A.12)
where the conjugate rules J∗ν(ζ) = Jν(ζ
∗) and
H
(1)
ν
∗
(ζ) = H
(2)
ν (ζ∗) have been used, cf., [17]. The first
Lommel integral (A.10) now yields∫
|Cν(κρ)|2ρdρ = ρ={κCν+1(κρ)C
∗
ν(κρ)}
={κ2} . (A.13)
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The spherical Bessel, Neumann and Hankel
functions of the first and second kind are given
by jl(ζ) =
√
pi
2ζ Jl+1/2(ζ), yl(ζ) =
√
pi
2ζYl+1/2(ζ),
h
(1)
l (ζ) =
√
pi
2ζH
(1)
l+1/2(ζ) and h
(2)
l (ζ) =
√
pi
2ζH
(2)
l+1/2(ζ),
respectively, cf., [17]. An arbitrary linear combination
of spherical Bessel and Hankel functions can hence be
written as
sl(kr) = Ajl(kr)+Bh
(1)
l (kr) =
√
pi
2kr
Cl+1/2(kr),(A.14)
where Cl+1/2(kr) is the corresponding cylinder func-
tion as defined in (A.11). The first Lommel integral
for spherical Bessel functions with complex-valued ar-
guments can now be derived as∫
|sl(kr)|2 r2dr = pi
2|k|
∫ ∣∣Cl+1/2(kr)∣∣2 rdr (A.15)
=
pi
2|k|
r=
{
kCl+1+1/2(kr)C
∗
l+1/2(kr)
}
={k2}
=
r2=
{
k
√
pi
2krCl+1+1/2(kr)
(√
pi
2krCl+1/2(kr)
)∗}
={k2}
=
r2={ksl+1(kr)s∗l (kr)}
={k2} .
Appendix A.4. Orthogonality of the regular spherical
waves
Due to the orthonormality of the vector spherical
harmonics (A.7), the regular spherical waves are
orthogonal over the unit sphere with∫
Ω0
v∗τml(kr) · vτ ′m′l′(kr)dΩ (A.16)
= δττ ′δmm′δll′Sτl(k, r),
where
Sτl(k, r) =
∫
Ω0
|vτml(kr)|2dΩ (A.17)
=

|jl(kr)|2 for τ = 1,∣∣∣∣ jl(kr)kr + j′l(kr)
∣∣∣∣2 + l(l + 1) ∣∣∣∣ jl(kr)kr
∣∣∣∣2 for τ = 2.
As a consequence, the regular spherical waves are also
orthogonal over a spherical volume Vr1 with radius r1
yielding∫
Vr1
v∗τml(kr) · vτ ′m′l′(kr)dv (A.18)
= δττ ′δmm′δll′Wτl(k, r1),
where
Wτl(k, r1) =
∫
Vr1
|vτml(kr)|2 dv (A.19)
=
∫ r1
0
Sτl(k, r)r
2dr,
where dv = r2dΩdr and τ = 1, 2.
For complex-valued arguments k, W1l(k, r1) is
obtained from (A.15) as
W1l(k, r1) =
∫ r1
0
|jl(kr)|2 r2dr (A.20)
=
r21={kjl+1(kr1)j∗l (kr1)}
={k2} .
By using the following recursive relationships
jl(kr)
kr
=
1
2l + 1
(jl−1(kr) + jl+1(kr)) ,
j′l(kr) =
1
2l + 1
(ljl−1(kr)− (l + 1)jl+1(kr)) ,
where l = 1, 2, . . ., cf., [17], it can be shown that
W2l(k, r1) (A.21)
=
∫ r1
0
(∣∣∣∣ jl(kr)kr + j′l(kr)
∣∣∣∣2 + l(l + 1) ∣∣∣∣ jl(kr)kr
∣∣∣∣2
)
r2dr
=
1
2l + 1
((l + 1)W1,l−1(k, r1) + lW1,l+1(k, r1)) .
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